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Abstract 

The interactions of gravitons with matter are calculated in parallel 
with the familiar photon case. It is shown that graviton scattering 
amplitudes can be factorized into a product of familiar electromagnetic 
forms, and cross sections for various reactions are straightforwardly 
evaluated using helicity methods. 
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1 Introduction 



The calculation of photon interactions with matter is a staple in an intro- 
ductory (or advanced) quantum mechanics course. Indeed the evaluation of 
the Compton scattering cross section is a standard exercise in relativistic 
quantum mechanics, since gauge invariance together with the masslessness 
of the photon allow the results to be presented in terms of simple analytic 
forms POj. 

On the surface, a similar analysis should be applicable to the interactions 
of gravitons. Indeed, like photons, such particles are massless and subject to 
a gauge invariance, so that similar analytic results for graviton cross sections 
can be expected. Also, just as virtual photon exchange leads to a detailed 
understanding of electromagnetic interactions between charged systems, a 
careful treatment of virtual graviton exchange allows an understanding not 
just of Newtonian gravity, but also of spin-dependent phenomena associated 
with general relativity which are to be tested in the recently launched gravity 
probe B[2]. However, despite this obvious parallel, examination of quantum 
mechanics texts reveals that (with one exception]!!]) the case of graviton 
interactions is not discussed in any detail. There are at least three reasons 
for this situation: 

i) the graviton is a spin-two particle, as opposed to the spin-one photon, 
so that the interaction forms are somewhat more complex, involving 
symmetric and traceless second rank tensors rather than simple Lorentz 
four-vectors; 

ii) there exist few experimental results with which to compare the theo- 
retical calculations; 

iii) as we will see later in some processes, in order to guarantee gauge 
invariance one must include, in addition to the usual Born and seagull 
diagrams, the contribution from a graviton pole term, involving a triple- 
graviton coupling. This vertex is a sixth rank tensor and contains a 
multitude of kinematic forms. 

However, recently, using powerful (string-based) techniques, which simplify 
conventional quantum field theory calculations, it has recently been demon- 
strated that the elastic scattering of gravitons from an elementary target of 
arbitrary spin must factorize[3], a feature that had been noted ten years pre- 
viously by Choi et al. based on gauge theory arguments 5 . This factorization 
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permits a relatively painless evaluation of the various graviton amplitudes. 
Below we show how this factorization comes about and we evaluate some rel- 
evant cross sections. Such calculations can be used as an interesting auxiliary 
topic within an advanced quantum mechanics course 

In the next section we review the simple electromagnetic case and develop 
the corresponding gravitational formalism. In section 3 we give the factor- 
ization results and calculate the relevant cross sections, and our results are 
summarized in a concluding section 4. Two appendices contain some of the 
formalism and calculational details. 

2 Photon Interactions: a Lightning Review 

Before treating the case of gravitons it is useful to review the case of photon 
interactions, since this familiar formalism can be used as a bridge to our 
understanding of the gravitational case. We begin by generating the pho- 
ton interaction Lagrangian, which is accomplished by writing down the free 
matter Lagrangian together with the minimal substitution [U] 

idp — > iD^ = idp - eA^ 

where e is the particle charge and is the photon field. As examples, 
we discuss below the case of a scalar field and a spin 1/2 field, since these 
are familiar to most readers. Thus, for example, the Lagrangian for a free 
charged Klein-Gordon field is known to be 

C = d fl <j)~ l dy + m 2 ^(j) (1) 

which becomes 

C={d li - ieA li )(j)\d tl + ieA^cf) + m 2 f (2) 

after the minimal substitution. The corresponding interaction Lagrangian 
can then be identified — 

C mt = -teA^d^U - 0^0) + e 2 AM M 0V (3) 

Similarly, for spin 1/2, the free Dirac Lagrangian 

C = <0(i f - m)ijj (4) 
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Figure 1: Diagrams relevant to Compton scattering. 



becomes 

C = JJ — e fl — m)ip 
whereby the interaction Lagrangian is found to be 

C = —eip flip 
The single-photon vertices are then 

< Pf\ V em\Pi >S=0= e{p f +PiY 

for spin zero and 

< Pf\V£n\Pi >s=i= eu(p f )-fu(pi) 



(5) 
(6) 

(7) 

(8) 



for spin 1/2 — and the amplitudes for photon (Compton) scattering — cf. Fig- 
ure 1 — can be calculated. In the case of spin zero, three diagrams are 
involved — two Born terms and a seagull — and the total amplitude is 

"2ej • Pi6* f ■ p f €i-pf€* f -p. 



Amp Compton (S = 0) = 2e 



(9) 



Pi -h Pi - kf 

Note that all three diagrams must be included in order to satisfy the 
stricture of gauge invariance, which requires that the amplitude be unchanged 
under a gauge change 

— ► e M + A/fy 

Indeed, we easily verify that under such a change for the incident photon 



5Amp Compton (S = 0) = A2e 2 



ki ■ Pi 



Pf ■ k 



A2e e* f ■ (p f -p { 



ki) = X2e 2 e* f ■ k f = (10) 



In the case of spin 1/2, there exists no seagull diagram and only the two 
Born diagrams exist, yielding [7] 



Amp Compton («S' 



e 2 u 



(Pf) 



k+ Mi + m) 



^Pi ' ki 



ji{ff- % + m) f f 
2p f ■ ki 



u(pi 
11) 



Again, one can easily verify that this amplitude is gauge-invariant- 



<5 Amp 



Compton 



Xe 2 u(p f ) 



Ui + m) Ui HP's- Ki + m) f f 



^Pi • k{ 

u(pi) = 



2p f ■ ki 



The corresponding cross sections can then be found via standard methods, 
as shown in many texts [7j. The results are usually presented in the labora- 
tory frame — pi = (m, 0) — wherein the incident and final photon energies are 
related by 

(13) 



Uf 



1 + 2^ sin 2 ±0 

m 2 



where 9 is the scattering angle. For unpolarized scattering, we sum (average) 
over final (initial) spins via 



+ m) 



2m 



(14) 



u(Pi) 
(12) 



and the resulting cross sections are well known — 



da 



m? Ui 2 



and 

da lab (S = 1/2) 
dVL 



a : (^) 2 [^ + ^-l + cos 2 ( 



m 



(15) 



2m 2 LUi Ui ujf 

2 2-1 

^-^[-(1 + cos 2 0)(1 + 2^ sin 2 ^0) + 2^- sin 4 ^0] 



(16) 



4 



2.1 Helicity Methods 

For use in the gravitational case it is useful to derive these results in an 
alternative fashion, using the so-called "helicity formalism," wherein one de- 
composes the amplitude in terms of components of definite helicity jH]- Here 
helicity is defined by the projection of the particle spin along its momentum 
direction. In the case of a photon moving along the z-direction, we choose 
states 

e^ = --±(x + i\ i y), A, = ± (17) 
while for a photon moving in the direction 

kf = sin^a; + cos 9z 

we use states 

A A f 

e/ = j=(cos9x + i\jy — sin 9 z), A/ = ± (18) 

V 2 

Working in the center of mass frame we can then calculate the amplitude for 
transitions between states of definite helicity Using 

-Pf = -£/ 'Pi = T ^ sm6 

ef ■ ef = -1(1 + costf), ef ■ ef = -~(1 - cos9) 
we find for spin zero Compton scattering 

2 (a n , P 2 S i n2 ^ 



A++ = A__ = -e* 1 + cos 9 + 



Pi • k f 

A + _ = A_ + = -e*(l-cos9- P ^-) (19) 

V Pi ■ k f J 

While these results can be found by direct calculation, the process can be 
simplified by realizing that under a parity transformation the momentum 
reverses but the spin stays the same. Thus the helicity reverses, so parity 
conservation assures the equality of A a ^ and A_ a _b while under time re- 
versal both spin and momentum change sign, as do initial and final states, 
guaranteeing that helicity amplitudes are symmetric — A a b = Ab ia . 
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Using the standard definitions 

s = (pi + ki) 2 , t = (hi- k f ) 2 , u = (pi- k f ) 2 

it is easy to see from simple kinematical considerations that 

9 (s-m 2 ) 2 1 ((s - m 2 ) 2 + st)? (m 4 

V — - A — , cos-^ 



SU}2 



As 2 s — m 2 s — m 2 



sin I# = i st ^ 2 (20) 
2 (s-m 2 ) V ' 



We can write then [5] 



Aul = = 2e 



2 K s — mr) + 



(s — m 2 ){u — m 2 ) 

9 —m 2 t , , 

= A_ + = 2e 2 - ^ 21 

(s — m A )[u — m z ) 

(It is interesting that the general form of these amplitudes follows from simple 
kinematical constraints, as shown in ref. JO]-) The cross section can now be 
written in terms of Lorentz invariants as 



da 



fo \ Ai i 



dt 167r(s-m 2 ) 2 2 

4e 4 ~ SU ? + ™ 4 t 2 / 22 n 

167r(s — m 2 ) 4 (w — m 2 ) 2 

and can be evaluated in any desired frame. In particular, in the laboratory 
frame we have 

s — m 2 = 2muJi, u — m 2 = —2mujf 

1 1 

m 4 — su = Am 2 uJiUJf cos 2 —9, m 2 t = — Am 2 tOiUJf sin 2 —9 (23) 



Since 



dt d ( 2u 2 { 1 cos0) \ ^ 2 



dVL 2ndcos9\ l + ^(l-cos0)7 tt 
the laboratory cross section is found to have the form 



(24) 



da lah da(S = 0)dt a 2 1 . 4 1 

-(<S = 0) = 3 — = — -— 7r(cos -0 + sin -9) (25) 



dfi dfl m 2 uf 



and, using the identity 

cos 4 -6 + sin 4 Ifl = 1(1 + cos 2 9) 

Eq. |2H1 is seen to be identical to Eq. derived by conventional means. 

A corresponding analysis can be performed for spin 1/2. Working again 
in the center of mass frame and using helicity states for both photons and 
spinors, one can calculate the various amplitudes. In this case it is conve- 
nient to define the photon as the "target" particle, so that the corresponding 
polarization vectors are 

Al f —x + i\iy) 



V2" 



A 



—j= (sin 9x + cos 9z — iX fij) 



(26) 



for initial (final) state helicity Aj (A/). Working in the center of mass, the 
corresponding helicity amplitudes can then be evaluated via 

r 2ei ■ Pi 2ej • Pf p^j- fi fa pi ft. 



B Sf x f . SiXi = u(p f ,s f )[- 



Pi ' kj 



Pi ■ kj 



Pi -hi pi- kj 



}u(Ph Si 



Useful identities in this evaluation are 



(27) 



o 3 



ff $i p"i - 
4i ¥i tff ~ 



2 

p\i\ f 



A + E A;(A + E) 
—Xi(A + E) —(A + E) 

A-E -Xi(A-E) 
Xi(A — E) -(A — E) 



psin^AjA 



/ 



T 
-T 



(28) 



where 



A 
E 
T 



XiXf + cos 9 

(cos 9Xi + Xf)a z + Xi sin 9a x — i sin 9a y 
— cos 9a x + sin 9a z — iX fO y 



(29) 



We have then 



B 



SfXf,Si\i 



E + m 

2m 
1 

s — m A 



X- f E+m f 



w — m z 



:(C 2 + 03 



E+m 



Xi 



(30) 



and, after a straightforward (but tedious) exercise, one finds the amplitudes [TT] 



2 1 >2 1 

Bi 1 .i_ 1 

9 X ) O L 



-Si_ 1 .i_ 1 

2 ± '2 1 



^H-H 

2 A ' 2 1 
2 1 ' 2 1 

1 J o x 



2 v /ie 2 pcos ^ 1 m 2 1 

£-i_i-i-i= 5 ( 1 sin - 

m s 2 

2 



— u 

-O — il- — i_ 1 = Ol.j.ij — 



2 2 x 



-2\/ge 2 p 3 1 

-^~2 \ C ° S O 6 

1 — u) 2 



-B-I-l-I-l 

2 > 2 



2 ± »2 ± 



-Sl-l-I-l 
2 ' 2 



2e mp . 2 1 1 

- — — — sin -0cos-0 

(m 2 -u)^s 2 2 



2e 2 p . 1 2 1 
— r sin -0 cos -0 



~2e 2 p . 3 1 
— sin -0 

rrr — it 2 

2e 2 m 2 p ,1 
^ — ^ shr -0 



s m z — it 



(31) 



Summing (averaging) over final (initial) spin 1/2 states we define spin-averaged 
photon helicity quantities 



\B ++ 


|2 
lav 


\B—\ 


\B+- 


12 
lav 


\B-+\ 



2 

av 



2p 2 e 4 s sin 2 |0 
m 2 {m 2 — u) 2 
2p 2 e 4 sin 4 ±0 



1 



1 + cos 4 ^6 + sin 4 ^0 



1 m 4 



u 



m ,1„ . m 4 . ,1„ 
2 — cos 2 -0 + (1 + — ) sin 2 -0 



2 s 2 
i 

2 



(32) 



which, in terms of invariants, have the form 



\B+- 


|2 
h lav 


I 5 — 


|2 
1 at) 


\B+ 


|2 
-Ian 




|2 
1 av 



— — — 2^2 (™ 4 - su)(2(m A - su) + t 2 ) 

eH\2m 2 -t) 
2(s — m?) 2 {u — m 2 ) 2 

The laboratory frame cross section can be determined as before (note that 
this expression differs from Eq. |2H1 by the factor 4m 2 , which is due to the 
different normalizations for fermion and boson states — m/E for fermions and 
1/2E for bosons) 

da(S = 1/2) 



Am 2 uj 2 



16ir 2 (s — m 2 ) 2 
a 2 uj 2 fr l 
m 2 u! 2 L 2 



|2 
I av 



2 1 
avi 



^-Zl[t(l + cos 2 0)(1 + 2^ sin 2 ~9) + 2^- sin 4 ~0] 



1 

-( 

2 



a; 2 



(34) 
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which is seen to be identical to the previously form — Eq. 

So far, all we have done is to derive the usual forms for Compton cross 
sections by non-traditional means. However, in the next section we shall see 
how the use of helicity methods allows the derivation of the corresponding 
graviton cross sections in an equally straightforward fashion. 



3 Gravitation 

The theory of graviton interactions can be developed in direct analogy to 
that of electromagnetism. Some of the details are given in Appendix A. Here 
we shall be content with a brief outline. 

Just as the electromagnetic interaction can be written in terms of the 
coupling of a vector current to the vector potential N 1 with a coupling 
constant given by the charge e 

C-int = -ej^a" (35) 

the gravitational interaction can be described in terms of the coupling of the 
energy-momentum tensor T^ v to the gravitational field h^ u with a coupling 
constant K 

C mt = -i« V (36) 
Here the field tensor is defined in terms of the metric via 



g^v = Vvv + fchfiv (37) 

while k is defined in terms of Newton's constant via k 2 = 32ttG. The energy- 
momentum tensor is defined in terms of the free matter Lagrangian via 

^ = 4^^=!^ (38) 



v -g <V 

where 

^J^g = ^/-detg = exp -trlogp (39) 



2 

is the square root of the determinant of the metric. This prescription yields 
the forms 

T, u = d^d„<f> + d v <f>%<f> - g^d^dy - m 2 ^<p) (40) 
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for a scalar field and 

T^v = $[^lni V „ + -7„i V M - /V - m)]<0 (41) 

for spin 1/2, where we have defined 

= tpiV^ - (iV»V> (42) 
The matrix elements of T^ v can now be read off as 

< Vs\ T AVi >s=o= Pft&tu + PfvPin - VtiviPf ■ Pi - m2 ) (43) 

and 

< Pf\T^\pi >s=i = u(p f )[-'Y li (pf+Pi) li + ~Jv(pf+Pi)n]u(pi) (44) 
We shall work in harmonic (deDonder) gauge which satisfies, in lowest order, 

£> M V = \ d » h (45) 

where 

/i = tr/i^ (46) 

and yields a graviton propagator 

D a/3 . n s(q) = ^(VayVps + VaSVPi - VapVft) (47) 

Then just as the (massless) photon is described in terms of a spin-one polar- 
ization vector e M which can have projection (helicity) either plus or minus one 
along the momentum direction, the (massless) graviton is a spin two particle 
which can have the projection (helicity) either plus or minus two along the 
momentum direction. Since is a symmetric tensor, it can be described 
in terms of a simple product of unit spin polarization vectors — 

helicity = +2: h$ = eje+ 

helicity = -2: = ( 48 ) 

and just as in electromagnetism, there is a gauge condition — in this case Eq. 
14*51 — which must be satisfied. Note that the helicity states given in Eq. [3H] 
are consistent with the gauge requirement, since 

rTV, = 0, and fc% = (49) 

With this background we can now examine various interesting reactions in- 
volving gravitons, as we detail below. 
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3.1 Graviton Photoproduction 

Before dealing with our ultimate goal, which is the treatment of graviton 
Compton scattering, we first warm up with a simpler process — that of gravi- 
ton photoproduction 

1 + + 7 + / -»• g + f 

The relevant diagrams are shown in Figure 2 and include the Born dia- 
grams accompanied by a seagull and by the photon pole. The existence 
of a seagull is required by the feature that the energy-momentum tensor is 
momentum-dependent and therefore yields a contact interactions when the 
minimal substitution is made, yielding the amplitudes 

, f -2e* f ■ €ie* f ■ (p f +pt) S = , rn . 

<Vf,kf,e f e f \T\ Pl -k u e % > seagull =ne^ _ ( ^ } ^ _ ^ S = \ (50) 

For the photon pole diagram we require a new ingredient, the graviton-photon 
coupling, which can be found from the expression for the photon energy- 
momentum tensor [H] 

T, v = —F m F® + l -g, v F aP F aP (51) 
This yields the photon pole term 

< Pf\ k fi e f e f\ T \\Pi', >~,-poie= e < Pf\j a \Pi > ^ ^ p .y 
x^[2ef{k f ■ he} -ei-e}- k^ ■ k f ) + 2e 4 • k f (e* f ■ e l k] - e t ■ k f ef)\ (52) 

Adding the four diagrams together, we find (after considerable but simple 
algebra — cf. Appendix B) a remarkably simple result 

< Pf, k fi e f e f\ T \Pu hi, 6i>=H x [e* fa e if3 T^ mpton (S)^ (53) 

where H is the factor 

H = « e*fPfk r Pi-e* rPi k r p f 
4e h- k f 

and £*f a £ipTco mpton {S) is the Compton scattering amplitude for particles of 
spin S calculated in the previous section. The gauge invariance of Eq. EH1 
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< 




(a) 



(ta) 



X 




Figure 2: Diagrams relevant to graviton photoproduction. 



is obvious, since it follows directly from the gauge invariance already shown 
for the corresponding photon amplitudes together with that of the factor H 
under 



Also we note that in Eq. ESI the factorization condition mentioned in the 
introduction is made manifest, and consequently the corresponding cross 
sections can be obtained trivially. In principle, one can use conventional 
techniques, but this is somewhat challenging in view of the tensor structure 
of the graviton polarization vector. However, factorization means that he- 
licity amplitudes for graviton photoproduction are simple products of the 
corresponding photon amplitudes times the universal factor H, and the cross 
sections are then given by the simple photon forms times the universal factor 
H 2 . In the CM frame we have e% -pi = — e*j ■ ki and the factor H assumes the 
form 



e / e / + Xk f- 



H 



k Sf-kikfPf Kpsm6s-m 2 



K \m A — st \ 2 



(55) 



4e ki-kf 4:6 a/2 -t 



2e 



2f 



In the lab frame this takes the form 




K 2 m 2 cos 2 \9 



(56) 



8e 2 sin 2 |# 
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and the graviton photoproduction cross sections are found to be 

da ^ 2 l/> 
— — = Ga cos —v 

dVL 2 

t ;^) 2 [ctn 2 ^cos 2 ^ + sin 2 ^] S 
X { (^)3[( ct n 2 ^cos 2 ^ + sin 2 ^) + ^(cos 4 ^ + sin 4 ^) + 2^sin 2 ^] 5 



The form of the latter has previously been given by Voronov. 
3.2 Graviton Compton Scattering 

Finally, we can proceed to our primary goal, which is the calculation of gravi- 
ton Compton scattering. In order to produce a gauge invariant scattering 
amplitude in this case we require four separate contributions, as shown in 
Figure 3. Two of these diagrams are Born terms and can be written down 
straightforwardly. However, there are also seagull terms both for spin and 
for spin 1/2, whose forms can be found in Appendix A. For the scalar case 
we have 



<Pf,kf,e f ef\T\p i ;k i e i e i > seagu ii = ^-J [-2e* f ■ • prf ■ p f + e { ■ p f e* f -p^ 

(58) 



^(e* r ei) 2 ki-k f 



while in the case of spin 1/2 

< Pf k f> e f e f\ T \Pi'i kiei€i > seagull = 



X 



16 



e / ' e *(^ e / ' (Pi+Pf)+ ffr ■ (Pi+Pf)) 



1 



16 



u(pi) 
(59) 



Despite the complex form of the various contributions, the final form, 
which results (after considerable algebra- cf. Appendix B) upon summation 
of the various components, is remarkably simple: 

e fa^fl3Mgf^ 5 €i 1 €iS = F X (tf^ivTc ompton {S = 0)) X (^f a ^i/3T c ^ mpton (S) J 

(60) 
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(a) 





(c) (d) 

Figure 3: Diagrams relevant for gravitational Compton scattering. 



where F is the universal factor 



k 2 Pi ■ kiPi ■ k 



f 



8e 4 



f 



(61) 



and the Compton amplitudes are those calculated in section 2. The gauge in- 
variance of this form is again obvious from the already-demonstrated gauge 
invariance of the photon amplitudes and this is the factorized form guar- 
anteed by general arguments^. Again, it is in principle possible but very 
challenging to evaluate the cross section by standard means, but the result 
follows directly by the use of helicity methods. From the form of Eq. EH it 
is clear that the helicity amplitudes for graviton scattering have the simple 
form of a product of corresponding helicity amplitudes for spinless and spin 
S Compton scattering. That is, for graviton scattering from a spinless target 
we have 



\c ++ \ 2 = 




| 2 = F 2 |A ++ | 


\C + -\ 2 = 


\C- + 


\ 2 = F 2 \A + _\ 



(62) 



while for scattering from a spin 1/2 target, we find for the target-spin aver- 
aged helicity amplitudes 



\D + 


|2 
+ \av 


|C— 


|2 
1 av 


= F 2 


\A ++ \ 2 \B ++ [ 




|2 
— lav 


\C- + 


12 
1 av 


= F 2 


\a \ 2 \r r 



2 

av 
2 

av 



(63) 
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Here the factor F has the form 

k 2 (s — m 2 )(u — m 2 ) 
~ 8? t 

whose laboratory frame value is 

„ K 2 m 2 1 



lab 



8e 4 sin 2 |fl 



The corresponding laboratory cross sections are found then to be 



^4(5 = 0) = ^F 2 , fi . 1 2 , 2 (|C++| 2 H-|C+-I 
aii 7r lbnis — m z ) z 



for a spinless target and 



,2 



G 2 m 2 (^) 3 [ctn 4 ^cos 4 -9 + sin 4 -( 
U/j 2 2 2 



(64) 



(65) 



G 2 m 2 (^-) 2 [ctn 4 -flcos 4 -9 + sin 4 -0] (66) 
uij 2 2 2 



f)\ 

(67) 



+ 2— (ctn 2 -flcos 6 -0 + sin 6 -0) + 2^-(cos 6 -9 + sin 6 - 
m 2 2 2 rrr 2 2 



for a spin 1/2 target. The latter form agrees with that given by Voronov|12j. 

We have given the results for unpolarized scattering from an unpolarized 
target, but having the form of the helicity amplitudes means that we can 
also produce cross sections involving polarized photons or gravitons. That 
is, however, a subject for a different time and a different paper. 



4 Summary 

While the subject of photon interactions with charged particles is a standard 
one in any quantum mechanics course, the same is not true for that of gravi- 
ton interactions with masses despite the obvious parallels between these two 
topics. The origin of this disparity lies with the complications associated with 
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the tensor structure of gravity and the inherent nonlinearity of gravitational 
theory. We have argued above that this need not be the case. Indeed in 
an earlier work we showed how the parallel between the exchange of virtual 
gravitons and photons could be used in order to understand the phenomena of 
geodetic and Lense-Thirring precession in terms of the the related spin-orbit 
and spin-spin interactions in quantum electrodynamics e 2j. In the present pa- 
per, we have shown how the treatment of graviton scattering processes can 
benefit from use of this analogy. Of course, such amplitudes are inherently 
more complex, in that they must involve tensor polarization vectors and the 
addition of somewhat complex photon or graviton pole diagrams. However, 
it is remarkable that when all effects are added together, the resulting am- 
plitudes factorize into simple products of photon amplitudes times kinematic 
factors. Using helicity methods, this factorization property then allows the 
relatively elementary calculation of cross sections since they involve simple 
products of the already known photon amplitudes times kinematical factors. 
It is hoped that this remarkable result will allow introduction of graviton re- 
actions into the quantum mechanics cirriculum in at least perhaps a special 
topics presentation. In any case, the simplicity associated with this result 
means that graviton interactions can be considered a topic which is no longer 
only associated with advanced research papers. 



Here we present some of the basics of gravitational field theory. Details can 
be found in various references |13| H%]. The full gravitational action is given 



where C m is the Lagrange density for matter and R is the scalar curvature. 
Variation of Eq. IBTflvia 



Appendix A: Gravitational Formalism 



by 




(68) 



yields the Einstein equation 

Rpv — ^9fj,uR = SnGT^ 
where the energy-momentum tensor T^ v is given by 



(69) 




(70) 
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We work in the weak field limit, with an expansion in powers of the gravita- 
tional coupling G 



9nu 



9 



(71) 



where here the superscript indicates the number of powers of G which appear 
and indices are understood to be raised or lowered by rj^. We shall also need 
the determinant which is given by 



-g = exp -tr log g = 1 + ij^ 1 ^ + • • • 



(72) 



The corresponding curvatures are given by 



K 



d„d u hW + d x d x h$ - d u d x hW\ - d v d x bF> : 



rO) = rj^RW = K [nh m - d^d v h^ v ] 



(73) 



In order to define the graviton propagator, we must make a gauge choice 
and we shall work in harmonic (or deDonder) gauge — g^T* = — which 
requires, to first order in the field expansion, 



= - l 9oh W 



/3a g 

Using these results, the Einstein equation reads, in lowest order, 



hP-d u ( Ph® - IduhfA -d v ( dPt&l - Iduh?) 



"f3u 



which, using the gauge condition Eq. can be written as 



matt 



(74) 

16nGT, 
(75) 

(76) 



matt 



or in the equivalent form 



_ |(i;r(/(T matt__ 77 ^ T matt 



(77) 



Gravitational Interactions: Spin 
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The coupling to matter via one-graviton and two-graviton vertices can be 
found by expanding the spin zero matter Lagrangian 



via 



g£>m = 



?4? 



_^(i)^ (dpWrf - ^{d^d^ - m 2 2 )) 



t <f> - m ) 

The one- and two-graviton vertices are then respectively 



(78) 



(79) 



T a p{p, p) = — {PaP'p + P'aPP - Vap(p ' P ~ m 2 )) 
- ^ Ma/3,75 - ^a/SfM) (P • P' - m2 ) 



where we have defined 



(80) 
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We also require the triple graviton vertex t££ s (k, q) whose form is 



fcT + (k — qY{k - q) v + q»q" - -r)^q 2 



+ [qxq^VapI^'-yS + V^'ap) + qxq'iVapI^-yS + V^I^'a?) 

~ q 2 (VapI^\8 + VjSl^'ap) ~ V^q X q a (VapI 1 5M + V<ySlaPM)} 

+ [2q\r^ af3 I jSM (k - qY + apI lS ,x*(k - q) v 

+ [(A; 2 + (k — q) 2 ) (i^apI^S + V " \^ V Pap, lS J 

- (k\ s I^ a p + (k-q) 2 rj aP I^ j6 )}} (81) 
Gravitational Interactions: Spin 1/2 

For the case of spin 1/2 we require some additional formalism in order to 
extract the gravitational couplings. In this case the matter Lagrangian reads 

sfeL m = ^(i^e/D^ - m)i/> (82) 

and involves the vierbein ej 1 which links global coordinates with those in a 
locally flat space fill I16j . The vierbein is in some sense the "square root" of 
the metric tensor g^ u and satisfies the relations 

e^e b „ = 5 a b , e a V = g^ (83) 
The covariant derivative is defined via 

= + % -a ab u^ ab (84) 



where 



+ ^e a p e b CT (<9 CT e cp - <9 p e C(J )e M c (85) 
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The connection with the metric tensor can be made via the expansion 

e% = K + Kc^ a + ... (86) 
The inverse of this matrix is 

e/ = # - + k'c^c^ + ... (87) 

and we find 

9p,v = V^v + «cj2 + rec$ + . . . (88) 

For our purposes we shall use only the symmetric component of the c- 
matrices, since these are physical and can be connected to the metric tensor. 
We find then 

c (i) ^ l( c W + c 0)) = I^W 

We have 

det e = 1 + kc + . . . = 1 + -h + . . . 
and, using these forms, the matter Lagrangian has the expansion 

v^£> = fC^Wv^ + ^^iWv^ 

o lb 

+ ^/,(%(l)^ m ^_^!(/ l (D)2^ 

+ ^^(^^-Sa^)^^^ (89) 
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The corresponding one- and two-graviton vertices are found then to be 



-IK 1 „ , s „ , s s 1 ,1 



T^iVapMP + P')s + 7<5(P + PO7) 



1 

+ Vjs(la(P + P')p + lf3(P + P')a)] 

+ ^(p + p'YiHk^e,^ + 

+ ^e^ x lxl5 (I a/3 /I lS;fTl/ k' p - I^I^kp) I (90) 

Appendix B: Graviton Scattering Amplitudes 

In this section we summarize the independent contributions to the various 
graviton scattering amplitudes which must be added in order to produce the 
complete amplitudes quoted in the text. We leave it to the (perspicacious) 
reader to perform the appropriate additions and to verify the factorized forms 
shown earlier. 



Graviton Photoproduction: Spin 



T5 A A ( € *fPrf e *-P 

Born — a : Amp a = Aen 



^Pi ' ki 

(e* f -Pifei-pf 



Born — b : Amp fe = — 4en 

2pi ■ k f 

Seagull : Amp c = — 2ene*j ■ • {pi +Pf) 
7 - pole : Amp d = eK [e* f ■ (pi+p f )(ki ■ k f e* f ■ e { - e* f ■ k^ ■ k f ) 

fcj ' Kf 

+ e* f ■ ki(e* f ■ €iki ■ (p 4 + p f ) - e* f ■ k,^ ■ (p< + p f )] (91) 
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Graviton Photoproduction: Spin 1/2 



Born — a : 


Amp a 


Born — b : 


Amp,, 


Seagull : 


Amp c 


7 — pole : 


Amp d 




+ h?f 



e f-pf 



2pi ■ k 



-en 



2pi ■ k f 
a(p f ) i 
1 



«(P/)[*i(^i- Kf + ™) ff\ u (Pi) 



h ■ k f 



(92) 



Born — a : 


Amp a 


Born — b : 


Amp 6 


Seagull : 


Amp c 


g - pole : 


Amp d 




+ €i ■ {Pi 







Graviton Scattering: Spin 

, ^-pif^fPff 



Pi ■ ki 

^■Pif^i-Pff 



An 2 



h ■ kf 



Pi ■ kf 

1 

e} • ■ Pit} -Pf + tf Pft} ■ Pi) ~ -h ■ kf(e* f ■ eft 

[e* f ■ p f e*f ■ pi(ei ■ (pi - pf)f + €i ■ pi6i ■ p f (e*f ■ (pi + p f )f 



+ ki ■ k f (e f ■ p f 6i -pi + e*f p^ ■ p f ) + e L ■ {j> { - Pf){e* f ■ p f pi ■ k f + e* f ■ p { pf 
+ e* f ■ (p f - pi) (a ■ PiPf -ki + ei- pfPi ■ ki)) 

+ (e* f ■ eft (pi ■ kiPf -ki+pi- kfPf -kf-^ipi- k(p s -kf+Pi- k f p f ■ ki) 



+ ijki- k f (pi- p f - m 2 ) 2 



22 



Graviton Scattering: Spin 1/2 



„e f ■ pf€i ■ pi _ 

Born - a : Amp a = k — - — u(p f )[/ f *(p' i + % + m) /i}u(pi) 



Born — b : Amp 6 = —k 



Seagull : Amp c = k u(pf) 



8pi ■ k 
2 e* f -Piti -Pf 



8pi ■ k f 
3 

C / ' e i(& e *f ■ (Pi+Pf)+ ff e i ■ (Pi+Pf)) 
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ipi 



u{Pi) 



g — pole : Amp 



K 



-u(p f ) [(£e* f ■ h+ f f ti ■ k f )(ei ■ pi€* f ■ p f - ti-p f t 



k{ • kf 

- (e* f ■ 6i) (ki ■ k f (f f €i ■ k f + &e* f ■ pi) 

+ ^(e* f -p f ei - pi - e* f -pi€i-p f ) +pi ■ ki(&€* f ■ h+ ■ k f )) 



+ ( e / ' e i) 2 ¥i{Pi ■ h - -h ■ k f ) 



u{Pi) 
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